Two important problems in studying the quantum black hole, namely the construction of the Hilbert space and the definition of the time evolution operator on such Hilbert space, are discussed using the de Sitter background field method for an observer far from the black hole. This is achieved through the ambient space formalism. Remarkably, in this approximation (distant observer), the theory preserves unitarity and analyticity, it is free from any infrared divergence, and it renders a quantum black hole entropy that turns out to be finite.
I. INTRODUCTION
In a previous paper the microscopic origin of the de Sitter (dS) entropy in the context of quantum field theory (QFT) in ambient space formalism was considered and the total number of quantum states was calculated [1] . For this purpose the Hilbert spaces for QFT in dS ambient spaces were constructed. In fact the QFT in ambient space formalism enables us to consider QFT in a rigorous mathematical framework based on the analyticity of the complexified pseudo-Riemannian manifold and the group representation theory (see [2] for a review). With this formalism the author has been able to obtain some interesting results [2] [3] [4] [5] [6] [7] .
In the present paper, building upon the work on the Hilbert spaces and the time evolution operator obtained previously, we show that this formalism can also be used to solve the well-known problems of unitarity in the quantum dS-black hole and the microscopic origin of the dS-black hole entropy.
The organisation of this paper is as follows: In section II we shall introduce the notation and two independent Casimir operators of the dS group. Section III is devoted to a brief review of the one-particle Hilbert space; we find the total number of quantum states, which, remarkably, turns out to be finite. The time evolution operator is introduced in Section IV. The quantum dS-black hole, in particular its quantum state and entropy, are discussed in section V. Conclusions and an overview of this work, with possible extensions, are presented in the final section.
II. NOTATION AND TERMINOLOGY
The dS space-time can be identified with a 4-dimensional hyperboloid embedded in the 5-dimensional Minkowski space-time: where η αβ = diag (1, −1, −1, −1, −1) and H is the Hubble parameter. The dS metric is
where X µ is the set of 4-space-time intrinsic coordinates on the dS hyperboloid. In this paper we use the 5-dimensional Minkowski space-time x α with the condition ( x · x = −H −2 ) which together constitute the ambient space formalism. For simplicity, we shall hereafter set H = 1 wherever it is convenient and immaterial. The dS group is defined by:
where Λ t is the transpose of Λ . The action of the dS group on the intrinsic coordinates X µ is a non-linear operation, however on the ambient space coordinate x α , it is linear:
The ambient space coordinate x α can be defined by a 4 × 4 matrix X :
I is the 2 × 2 unit matrix where
Note that x can be represented by a quaternion x ≡ (x 4 , x) with the norm:
is the quaternion conjugate of x [14] . In the matrix notation, we havex = x † and the norm can be written as |x| 2 = 1 2 Tr(xx † ) . The matrix X may be expressed in an alternative form which is more convenient for our considerations in this paper:
where I1 is a 4 × 4 unit matrix and the five matrices γ α satisfy the following conditions [8] :
We also use the following representation for γ matrices in this paper [8] :
where σ i (i = 1, 2, 3) are the Pauli matrices. In this representation the matrix x transforms by the group Sp(2, 2) according to:
The group Sp(2, 2) is:
The elements a, b, c and d are quaternions and Sp(2, 2) is the universal covering group of SO (1, 4) [8]:
For the 4 × 4 matrix g , we haveg t = g † . In this paper, two different types of homogeneous spaces are used to construct the UIR of the dS group: the quaternion u ≡ (u 4 , u) with norm |u| = 1 which is called three-sphere S 3 (or u -space), and the quaternion q ≡ (q 4 , q) with norm |q| < 1 which is called "closed unit ball" or for simplicity "the unit ball B " (or q -space).
These two homogeneous spaces can be regarded as the sub-spaces of the positive cone C + , which is defined as
be written, uniquely, as:
Since ξ · ξ = 0 , from the mathematical point of view, ξ 0 is completely arbitrary, i.e. ξ α is scale invariant.
If we choose q = ru with r < 1 , we obtain
In this notation, x · ξ may be written in the following form:
whence both are invariant under the action of the dS group:
Here the ξ -space plays the role of the energy-momentum k µ in the Minkowski space-time and it can be chosen for massive field as [9] :
where ν is the principal series parameter which will be further explained in the next section. For the massless field, ξ , we have:
In the null curvature limit, we obtain precisely the massive and the massless energy momentum,
The dS group has two Casimir operators: a second-order Casimir operator,
and a fourth-order Casimir operator,
where ǫ αβγδη is the familiar anti-symmetric tensor in IR 5 and L αβ are the infinitesimal generators of the dS group, L αβ = M αβ + S αβ . In the ambient space formalism the orbital part, M αβ , is
(II.14)
where ∂ ⊤ β = θ α β ∂ α and θ αβ = η αβ + H 2 x α x β is the projection tensor on the dS hyperboloid. Integer spin fields can be represented by the symmetric tensor fields of rank l , K γ 1 ...γ l (x) and the spinorial action reads [10] :
where (γ i → β) means that γ i are to be replaced by β . For the j = 2 integer, the Casimir operator Q
acts on a rank-2 symmetric tensor filed [10, 11] :
where
H is the Laplace-Beltrami operator of the dS space-time. K ′ is the trace of the rank-2 tensor field K(x) ; and Σ p is the non-normalized symmetrization operator:
The tensor field K(x) on the dS hyperboloid is transverse ( x · K = 0 ) and is a homogeneous function of the variables x α with degree λ [12] :
The field equations may thus be written [13] :
where Q
2,p is the eigenvalue of the Casimir operator which will be defined presently.
III. UNITARY IRREDUCIBLE REPRESENTATION AND HILBERT SPACE
The Casimir operators commute with the generators of the dS group and as a consequence, they are constant in each unitary irreducible representation (UIR) of the dS group. The UIRs of the dS group are classified by the eigenvalues of the Casimir operators [14] [15] [16] [17] :
I d is the identity operator. Three types of representations, corresponding to the different values of the parameters j and p , exist [2] . Here, only the spin-2 field is considered:
• Principal series representation,
• Discrete series representation,
• Complementary series representation,
The principal series representation of the dS group was constructed in the compact homogeneous three-sphere space, S 3 or u -space [14] :
representation of the SU (2) group in a (2j + 1)− dimensional Hilbert space V j :
The representation U (j,p) act on an infinite dimensional Hilbert space H
The UIR of the dS group for discrete series is constructed on the unit ball homogeneous space B or q -space [14] :
In this case, one has an infinite dimensional Hilbert space H
The discrete series representations T (j,0,p) and T (0,j,p) are proportional to the two representations Π + j,p and Π − j,p in the Dixmier notation [17] :
and
The representations Π ± j,j in the null curvature limit correspond to the Poincaré massless field with helicity ±j .
As regards (III.29) and (III.30), one can show that the two representations with the values p 1 and p 2 are unitary equivalents ( p 1 + p 2 = 1 ) [14] :
with SS † = 1 . It implies that the representation T (0,j;p) (g) for the p = The complementary series representations can only be associated with the tensor fields with j = 0, 1, 2, .. . These are constructed on u− space or q− space [14, 17] . Among these representations, only the scalar representation with j = p = 0 has corresponding Poincaré group representation in the null curvature limit. This representation relates to the massless conformally coupled scalar field [18] . The massless conformally coupled scalar field is the building block of the massless fields in dS space, since all the other massless spin fields can be constructed using this field. The complementary series representation with j = p = 0 is defined as [14] :
The scalar products in these Hilbert spaces are presented by a function W(u, u ′ ) which is defined on S 3 × S 3 [14] . The equivalent unitary representation (III.32) is corresponds to j = 0, p = 1 , this is:
One of the most important result that follow from this formalism is that the total volume of the homogeneous spaces, in which the UIR of the dS group are constructed, namely q -space or u -space ( ξ -space), is finite:ˆS
where dµ(u) is the Haar measure or SO(4) -invariant normalized volume on the three-sphere S 3 and dµ(q) = 2π 2 r 3 drdµ(u) is the Euclidean measure on the unit ball B [14] . We have used the definition q = ru ∈ B with u ∈ S 3 , r < 1 .
Here the two x -and ξ -spaces play a role similar to space-time and energy-momentum in Minkowskian space-time. The existence of a maximum allowed length for an observable implies, by virtue of the Heisenberg uncertainty principle, the existence of a minimum size in the ξ -space (or the parameters in Hilbert space). Each point in ξ -space represents a vector in Hilbert space and, mathematically, the number of points is infinite. From the finiteness of the total volume of ξ -space and the existence of a minimum length in ξ -space (by virtue of the Heisenberg uncertainty principle), we deduced that the total number of points is physically finite. Thus, although one can mathematically define an infinite dimensional Hilbert space, nonetheless a minimum length in ξ -space makes the total number of quantum states physically finite. For the principal series ( H (j,p) u ), we have [1] :
and for discrete series H
The total number of quantum states is a function of H , p , j and ξ 0 . This result is due to the existence of a minimum length and the compactness of the homogeneous spaces in which the Hilbert spaces (or the UIR) are constructed. Thus the entropy for this Hilbert spaces is finite [1] .
IV. THE TIME EVOLUTION OPERATOR
In order to define the time evolution operator U (t) , such that |α, t = U (t)|α , we must first define the time of an observer or the coordinate system. We chose the static coordinate system with:
This coordinate system does not cover all the de Sitter hyperboloids. In this coordinate system the metric is:
and the time-like Killing vector field is:
In ambient space formalism, the time translation operator in the two-dimensional ( θ = φ = 0 ) de Sitter space-time is:
The time translation is the subgroup SO(1, 1) whose generator can be obtained as follow:
Exercise: Fined the representation of J in the de Sitter Hilbert space |u, m j ; 2, p ( u ′ , m ′ j ; 2, p|J |u, m j ; 2, p =? ). Also calculate U (τ ) |u, m j ; 2, p =? . Verify that U U † = 1 and
The relevant exercise for the case of a scalar field was considered in [18] . Thus we have a time evolution operator which is unitary.
V. QUANTUM BLACK HOLE
In this section, we use the background field method to study a black hole in the de Sitter space-time. The de Sitter metric in the statics coordinate system is:
And the de Sitter-Schwarzschild black hole metric is:
For an observer far from the black hole where the condition Hr > GM r holds, the metric can be divided into two parts: the de Sitter metric as the background, and a perturbation field h µν :
Then one can simply express the perturbation field h µν , imposed on dS background, as:
In this approximation, the problem of the quantum black hole is reduced to that of quantizing the perturbation field h µν and defining the Hilbert space. This field is a rank-2 symmetric tensor, which was completely considered in the ambient space formalism in the previous articles [13, [19] [20] [21] [22] [23] [24] . Here we simply quote the important results of those articles which are necessary for calculating the entropy of the black hole from the Hilbert space, for an observer far from the black hole. The metrics within the two formalisms are related according to:
where X µ is the static coordinate system. The rank-2 symmetric tensor field K αβ in ambient space can be easily calculated from the following relation:
Exercise: Use the condition |h| 2 ≈ 0 (i.e. the linear approximation) to calculate: a) the rank-2 symmetric tensor K αβ , b) the field equation for h µν , and c) the field equation for K αβ (see [24] ).
From the field equation for K αβ , we conclude that there exist four possibilities:
1. K may be a spin-2 massless elementary field which can be associated with the discrete series representation; the relevant field equation being [19, 20] :
In the discrete series representation there exists another spin-2 auxiliary field, which their field equation is [23] :
In these cases the Hilbert space is:
We have two helicity: j 1 = 2, j 2 = 0 and j 1 = 0, j 2 = 2 . q is a quaternion with the norm |q| < 1 .
2. K may be a spin-2 massive elementary field which can be associated with the principal series representation. The field equation is [2] :
The Hilbert space is:
3. K may be a spin-2 elementary field which can be associated with the complementary series representation. The field equation is [2] :
The complementary series is constructed in the unit ball homogeneous space B or q -space [14] .
4. K may be a spin-2 field which is not an elementary field: rather, it is a composite field. In This case the Hilbert space is the tensorial product of different Hilbert spaces for each component.
Thus the quantum state of a de Sitter black hole in the linear approximation in a general case may be formally written as:
which is written thus for discrete series. Finding the explicit form of the coefficient C is left to the reader as an exercise. In the case of principal and complementary series, the summation over p is replaced with an integral. Since the total volume of q -or u -space is finite,
dµ(u) = 1,ˆB dµ(q) = π 2 2 , dµ(q) = 2π 2 r 3 drdµ(u), and since a minimum length in these spaces exists (by virtue of the uncertainty principle), the total number of points in the "one-particle" Hilbert space becomes "physically" finite . It follows that the total number of quantum states in these Hilbert spaces is finite [1] . For the de Sitter black hole due to the appearance of interaction, which is a bounded force classically, the de Sitter black hole entropy is:
Using equation (IV), we obtain, for an observer far from the black hole, the time evolution operator of the black hole:
which is unitary. The representation of the time translation generator J in the black hole Hilbert space is quite cumbersome. Obtaining the explicit form of the generator J is left to the serious reader as an exercise.
VI. CONCLUSION AND OUTLOOK
The de Sitter ambient space formalism has permitted us to solve numerous problems of QFT in curved space time and quantum gravity [2] . In this article we gave an outline of how the problems of the quantum state and its time evolution can be solved using the ambient space formalism for the quantum dS-black hole in the linear approximation. Interestingly, the entropy turns out to be finite too. Some calculations, which however do not change the results presented here, are left for the reader as exercises.
